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Abstract. We study Frobenius-Schur indicators of the regular representa- 
tions of finite-dimensional semisimple Hopf algebras, especially group-theoret- 
ical ones. Those of various Hopf algebras are computed explicitly. In view of 
our computational results, we formulate the theorem of Probenius for semisim- 
ple Hopf algebras and give some partial results on this problem. 



1. Introduction 

In [10] , Linchenko and Montgomery defined Frobenius-Schur indicators of char- 
acters of finite-dimensional semisimple Hopf algebras as follows: For a character x 
of such a Hopf algebra H , the n-th Frobenius-Schur indicator of x is given by 

(1) i^n(x)=X(A["l) 

where A £ H is the normalized integral and (—)'"' means the n-th Sweedler power. 

In this paper, we study and compute Frobenius-Schur indicators Vn{H) of (the 
characters of) the regular representations of finite-dimensional semisimple Hopf 
algebras H . It follows from the work of Ng and Schauenburg [19] that these numbers 
have the following remarkable property: Vn{H) = Vn{L) for every n if the category 
of iJ-modules and that of L-modules are monoidally equivalent (see also [?])■ In 
view of this invariance, studying them is important for the representation theory 
of Hopf algebras. In fact, Kashina, Montgomery and Ng studied Vn{H) and gave 
some applications to the representation theory in i 7^ . 

For that reasons, it is interesting to compute explicit values of i/„(7if). There is 
a formula of v„(H) due to Kashina, Sommerhauser and Zhu: In [5], they showed 
that it is equal to the trace of the linear map h i— )■ 5'(/i[""^l) (h € H) where S is the 
antipode of H. However, because of difficulties of the computation of the Sweedler 
power, the computation of Vn{H) is still difficult. 

To compute Frobenius-Schur indicators of the regular representation, we intro- 
duce some new methods. Note that Ng and Schauenburg generalized Frobenius- 
Schur indicators to objects of linear pivotal categories in [19]. By using their defini- 
tion, for a pivotal fusion category C, we define its n-th indicator i/„(C) in Section[3|so 
that Vn(C) = Vn{H) when C is the category Rep(-ff) of finite-dimensional represen- 
tations oi H. It turns out that VniC) is an invariant of fusion categories admitting 
pivotal structures. By using some categorical methods, we introduce a formula for 
indicators of group-theoretical categories, which are a well-studied class of fusion 
categories. Since many known semisimple Hopf algebras are group-theoretical, this 
formula can be applied to compute yn{H) for various H. 
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As is well-known in the theory of finite groups, for a finite group G, 

:.„(CG) = #{g e G 1 .9" = f}. 

Frobenius showed that the right-hand side of this equation is divisible by n if n 
divides |G|. It is natural to ask whether Vn{H) has the same property (see Defi- 
nition [^2] for a precise statement). Our computational results, which are obtained 
in Section [Sj seem to suggest that the answer to this question is "yes" . We cannot 
provide a complete answer to this question, but give some partial results on it. 

This paper is organized as follows: In Section [21 we summarize some results 
on fusion categories and provide some lemmas. In Section [31 we define the n-th 
indicator Un{C) of a pivotal fusion category C and introduce some basic properties 
of Vn{C). One of the most important property is that Vnifi) = 1^^(25) for every n 
if C and 2? are monoidally equivalent (Theorem 13. ip . We also show that Vn{C) is a 
cyclotomic integer and that ^n(C) is real if C admits a braiding. 

In Section [4l we introduce a formula for indicators of group-theoretical cat- 
egories. By using this formula, we argue arithmetic properties of indicators of 
group-theoretical categories. In the following Section [SI we compute Frobenius- 
Schur indicators of the regular representations of various Hopf algebras. In Sec- 
tion [51 we formulate and discuss Frobenius theorem for semisimple Hopf algebras, 
in view of results of Section [H and Section [5l 

2. Preliminaries 

2.1. Pivotal categories. Throughout this paper, the basic theory of Hopf algebras 
and monoidal categories will be freely used. Our main references are [5] , [3] and [S] . 
We work over the field C of complex numbers. Unless otherwise noted, quasi-Hopf 
algebras are assumed to be finite-dimensional (over C). Functors between C- linear 
categories are always assumed to be C-linear. 

First we fix some conventions. In a monoidal category C, the associativity iso- 
morphism is denoted by ax,Y,z ■ {X (S) Y) Z ^ X (Y Z). We may assume 
that the unit object 1 G C is strictly unital, that is, it satisfies 1®V = V = V ®1 
and the unit constraints are identities. A left dual object of F G C is denoted by 
V* if it exists. Duality morphisms are usually denoted by 

hv ■■'i-'^V ®V* and dy :¥* ®V ^1. 

We say that C is left rigid if every object of C has a left dual. If C is left rigid, the 
assignment V ^ V* extends naturally to a contravariant endofunctor (— )* on C, 
and (— )** is naturally a monoidal endofunctor on C. 
The trace of a morphism f : V V** in C is given by 

tr(/) = dv o (/ (g) idy. )obv e Endc(l). 

Let g : W W** be another morphism in C. We can regard / g as a morphism 
V ®W —> {V ® W)** via the canonical isomorphism. It is well-known that 

(2) tr(/ ® 5) = tr(/) ° tr(5) e Endc (1) 

if idy ^tr{g) — tr{g) (E) idy. This condition is satisfied, for example, if C is a fusion 
category which will be mentioned later. 

A pivotal structure on a left rigid monoidal category C is an isomorphism idc — > 
(— )** of monoidal functors. Let j be a pivotal structure on C. It is known that 
jy — Jv* ^'^^ every V £ C, see [121 Appendix A]. The pivotal trace of f : V ^ V 
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with respect to j is given and denoted by ptij{f) — tr{jv ° /)• The pivotal trace of 
idy is cahed the pivotal dimension of V and denoted by pdim^ (V^). The subscript 
j of ptr^ and of pdim^ are often omitted if j is understood. 

A pivotal category is a left rigid monoidal category equipped with a pivotal 
structure. Let F : C — ?> I? be a monoidal functor between pivotal categories that 
preserves the pivotal structures and the unit objects. Then, 

(3) Ptr(F(/)) - F(ptr(/)) 

for every morphism f : V ^ V in C. See, for example, jl9l §6] for the proof. 

For a monoidal category C, we denote by the monoidal category with the 
underlying category C and the reversed tensor product (g)'"^^ given by V (g)''^'^ W = 
W (E)V. If C is a pivotal category, C'°^ is naturally a pivotal category. We denote 
by yc'^ the object V oi C regarded as an object of C''^. For a morphism / in C, 
has the same meaning. For / : — > in C, we have 

(4) ptr(r-)=ptr(r). 

Note that, in general, the pivotal trace of / and of /* are different. C is said to be 
spherical if ptr(/) = ptr(/*) for every f : V V in C, see [3, Definition 2.5]. 

2.2. Fusion categories. A fusion category C is a linear semisimple rigid monoidal 
category with finitely many isomorphism classes of simple objects such that the 
unit object is simple and Endc(F) = C for every simple object of C We denote 
by Irr(C) the set of (representatives of) isomorphism classes of simple objects. The 
Grothendieck ring of C is denoted by Kz{C). Set K{C) = Kz{C) ®z C. 

Let C be a fusion category. Then, since Endc(l) = C by definition, we may 
treat the trace of a morphism as a complex number. We first prove that pivotal 
dimensions are cyclotomic integers (cf. Corollary 5.15 and Corollary 8.54 of 

Lemma 2.1. LetC be a pivotal fusion category. There exists a root of unity £^ such 
that pdim(T^) € Z[^] for every V £ C. 

Proof. Equation ([2]) yields that the assignment V i— > pdim(V^) defines a represen- 
tation of Kz{C). It is obvious that pdim(V^) is an algebraic integer. Now the result 
follows from 4, Corollary 8.53]. □ 

It is conjectured, but not proved, that every fusion category admits a pivotal 
structure [H Conjecture 2.8]. Instead, we can always define the Frohenius- Perron 
dimensions [U Section 8] of objects of fusion categories; That of F G C is defined 
to be the Frobenius- Perron eigenvalue of the left multiplication of on K{C) and 
is denoted by FPdim(V^). 

Under certain assumptions, a fusion category admits a pivotal structure. Recall 
that V** = V for every V &C. For a simple object V , fix an isomorphism g : V ^ 
V** and set \V\'^ := tr(g) tr(((7*)~^). This does not depends on the choice of g and 
is called the squared norm of V. A fusion category C is said to be pseudo-unitary if 

J2 \V\'^ J2 FPdim(F)2. 

yelrr(C) yelrr(C) 

If C is pseudo-unitary, C has a canonical pivotal structure j such that pdimj (V) = 
FPdim(y) for every y G C [H Proposition 8.23]. Every monoidal equivalence be- 
tween pseudo- unitary fusion categories preserves the canonical pivotal structures 
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[l9l Corollary 6.2]. Note that the category Kep{H) of finite-dimensional representa- 
tions of a semisimple quasi- Hopf algebra H is pseudo-unitary 4, Proposition 8.24]. 
Hence it has a canonical pivotal structure j such that 

(5) pdinij(t/) = FPdim(T/) = dinic(F) 
for every F e Rep(i?). 

2.3. Ribbon categories. Let C be a left rigid braided monoidal category with 
braiding c. The Drinfeld isomorphism u : idc — >■ (— )** is defined by 

uv = {dy '^idv")ayl yy„{idv* (g)Cyy,,)ay, y,, y{bv (8)idy). 

This satisfies uv(g>w = {uv <8) uw)cv\v'^\vv ^'^^ V,W € C. A ribbon category is a 
left rigid braided monoidal category C equipped with a twist [9l Definition XIV. 3. 2], 
that is, an isomorphism 9 : idc ^ idc of functors satisfying 

&v^w = {dv ^ ^w)cwyCy Y/ and {Ov)* = Oy- 

The former equation holds if and only if j — u9 : idc ~^ (— )** is a pivotal structure 
on C If is a twist, this j is a spherical pivotal structure on C. Under the 
assumption that C is a fusion category, j is spherical if and only if is a twist. 

We denote by Z{C) the left Drinfeld center of a monoidal category C. Recall 
that the objects of Z{C) are pairs (V,ey) of an object V € C and a half-braiding 
ev '■ V ® (— ) (— ) ® V. Miiger [15] showed that Z{C) is a fusion category if 
so is C, and then the forgetful functor He : (V,ey) ^ V has a two-sided adjoint 
/c : C — Z{C). On the objects, we have 

(6) Ic{V)^ (X,ex)®[^^^l 

(X,ex)eIrr(Z(C)) 

where [X : V^] :— dime Homc(X, F). 

A pivotal structure j on C naturally induces a pivotal structure J on -2(C) such 
that ptrj(/) = ptrj (nc(/)) for every endomorphism / in Z{C). If j is spherical, 
since Iic{f*) = /* for every morphism / in C, also J is spherical. Therefore, the 
Drinfeld center of a spherical fusion category has a canonical twist, and hence it 
turns into a ribbon category. 

2.4. Frobenius-Schur indicators. Frobenius-Schur indicators for pivotal cate- 
gories are introduced by Ng and Schauenburg in |19| . Let us briefly recall the 
definition. First, let C be a monoidal category with left duality. Then there exist 
isomorphisms 

A^z ■ Homc(X, r (g) Z) ^ Home [Y* X, Z) 

and 

Bz'^ ■■ Home [X ® y, Z) ^ Home {X,Z(^Y*) 
that are natural in X, Y and Z 9, Proposition XIV. 2. 2]. We set 

Dv.yv = Bly^' °Al. w : Home (1, F «) T^) ^ Home(l, «) F**) 

for V,W e C. For an object V e C, define T/^" € C inductively by V®" = 1, 
= 1/ and y®" ^V(g) for n > 2. Now we assume C to be a hnear 

pivotal category (with finite-dimensional Hom-spaces). Then linear automorphisms 

: Home (l,y^")^ Home (l,y^") (n=l,2,...) 
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are defined by 

where : y®("~i)(g)y — >• V^"^" is the unique isomorphism obtained by composing 
tensor products of associativity and identity morphisms. Exphcitly, it is given 
inductively by 

(7) a\^^ = idy, a^y^ = (idy (g)a^y~^^) o Oy y»(„-2)_y {n > 2). 
The n-th Frohenius-Schur indicator of V is given and denoted by 

(8) MV) = Tr (4")) 

where Tr means the usual trace of linear maps. 

Ng and Schauenburg showed that the above formula is a generalization of ([TJ, 
that is, the right-hand side of ([8]) is equal to the right-hand side of ([U if F e Rep(iJ) 
for some semisimple Hopf algebra H (see |20[ Remark 4.3]). They also generalized 
the "third formula" of Kashina, Sommerhauser and Zhu [5] §6.4, Corollary] to 
objects of spherical fusion category: If C is a spherical fusion category, we have 

(9) ^"(^)-dii(C)P*'^K(-)) 

where 6 is the canonical twist of Z(C) and dim(C) = X]yeirr(c) 1^1^ (®^^ [ISl The- 
orem 4.1]). This formula plays an important role in Section[3l 

One might think that the definition of sjT'' is slight complicated. It should be 
understood in terms of graphical calculus 19, §5]. If we did so, it would be obvious 

(n) 

that the rt-th power of Ey is equal to the identity. The following lemma follows 
immediately this observation (see pjj Theorem 5.1]). 

Lemma 2.2. VniY) G Z[Cri] where is a primitive n-th root of unity. 

The definition of Frobenius-Schur indicators depends on the choice of pivotal 
structures. Let C be a pivotal fusion category with pivotal structure j and let / be 
another pivotal structure on C. For a while, we denote by u'^ the n-th Frobenius- 
Schur indicator with respect to j' . If ^ is a simple object of C, then there exists 
Ay e such that jy = Xvjv- As remarked in |TS1 Remark 5.2], we have 

and, on the other hand, pdim^, (y) — Ay pdimj (y). Hence we have the following: 

Lemma 2.3. Let C he a fusion category that admits a pivotal structure. If V ^ C 
is a simple object, the value Vn{V) — i>n{V) pdim{V) does not depend on the choice 
of pivotal structures on C . 

Remark 2.4. Let C be a linear monoidal category with left duality. Assume that 
V ^ C is isomorphic to V** . Then, we fix an isomorphism g : V —?' V** and define 
linear automorphisms 

E^^l : Homc(l, V^") ^ Homc(l, F«") (n = 1, 2, • • • ) 
by the same formula as i^lT'' but with jy replaced by g. We define VniV) by 

I7„(F) = Tr(£;|;])tr(5). 
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analogously. If Endc(V^) = C, the right-hand side does not depends on the choice 
of g : V ^ V** . In particular, if F is a simple object of a fusion category, t'„(V^) 
can be well-defined. 

2.5. Indicators of invertible objects. An object V oi a monoidal category C is 
said to be invertible if the functor V <S) (— ) is an equivalence. In this subsection, we 
introduce some formulae for Frobenius-Schur indicators of invertible objects. 

Let V be an invertible object of a pivotal fusion category C. Then, by induction 
on n, we see that is a simple object for every n. Therefore, 



dime Home (1,V^®") = 



1 if 1/^" ^ 1, 
otherwise. 



In particular, VniV) = unless V^"- = 1. If V^"- = 1, we have 

}iomc{V*,V'^^"-^'>) ^ Homc(l, F®") = Homc(l, 1) = C. 
Since V* is simple, this implies that V* is isomorphic to 

Theorem 2.5. Let C be a pivotal fusion category and V €z C an invertible object 
such that y®" = 1. Fix an isomorphism X : V* ^ Then, we have 

z.„(I/) = pdim(y*) • (dvi\~^ ®idv)o{a'y^)-^ o{idv(SX)bv : 1 ^ l) 

where a^' : ® y — y*" is the isomorphism given by 

Proof. Set p = dv/(A-i(g)idy)(a^V^ : V<^X ^ 1 and 9 = (id^ ®X)bv ■ 1 ~^ V(S)X 
where X — One can easily see that p and q are isomorphisms, and hence 

so is j3 o q. Consider the commutative diagram 

Homc(l,T/®y*) ""'"'^^'■''"^^^ Homc(l,T/®X) 



D 



Iiomc{l,V* ®V**) > Homc(l,X® y**). 

Home (l,A{2>idY/**) 

By chasing by in the diagram, we have Dy^xio) = (A (8) idy**) o by*. Hence 

poE'^^\q) = ctv(X-^ (^j-^)DvM = dv{k\v^ ®Jv')bv = pdim(\^*). 

Since dime IIomc(l, V'^") = 1, wc have p o E^\q) = VniV) ■ p o q- This implies 
that i^„(y) = pdim(y*) • (po^)-!. □ 



The following is an immediate consequence of Theorem 12.51 We use the same 
notations as in [9, XV. 5] for quasi-Hopf algebras. 

Corollary 2.6. Let H ~ A, e, $, 5, a, /3) be a semisimple quasi-Hopf algebra 
and V a one- dimensional representation of H with character x- Then we have 

S 

with respect to the canonical pivotal structure on Rep(i?). 
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For a finite group F and a normalized 3-cocycle uj e Z''(F, C^), let Vec^ denote 
the category of finite-dimensional F-graded vector spaces with associator given by u. 
Fhis category is monoidally equivalent to Rep(C5) where is a semisimple quasi- 
Hopf algebra defined as follows: Cj^ has same algebra structure, comultiplication, 
counit and antipode as C'", the dual of Hopf algebra of CF. $, a and /3 are given 
respectively by 

^ uj{x,y,z)ex®ey®ez, a = l and /3 = a;(g, g~\ g)~^eg 
x.y.zev ger 

where {egj^gr is the dual basis of {g}g^r- For g € F, let Eg denote a one-dimen- 
sional F-graded vector space having a non-zero g-component. By Corollarv l2.6[ we 
have the following formula due to Ng and Schauenburg [20', Proposition 7.1]. 

Corollary 2.7. With respect to the canonical pivotal structure, we have 

n-l 

Vn{Eg) = (5g",i uj{g,g'',g). 
fe=i 

3. Indicators of the regular representation 
Let C be a pivotal fusion category. For a positive integer n, set 

(10) MC)= J2 ^n{V)pdim{V). 

yeirr(c) 

As we remarked in Remark 12.41 the right-hand side can be defined for arbitrary 
fusion category C. However, we always assume that C has a pivotal structure since 
examples of non-pivotal categories are not known. In fact, examples we deal with 
in this paper are all spherical. 

If C is Kep{H) for some semisimple quasi-Hopf algebra H (with the canonical 
pivotal structure), then fn(C) is equal to Vn^H), the n-th Frobenius-Schur indica- 
tor of the regular representation of H . Indeed, it follows from Artin-Wedderburn 
theorem and the additivity of Frobenius-Schur indicators [121 Corollary 7.8] that 

UniH)^ iy^iV)dimc{V). 

veiii{C) 

By equation (O, we have Vn{H) = i/„(Rep(ii')). 

We first prove that the assignment C i— >■ t'„(C) is an invariant of fusion categories 
admitting a pivotal structure. 

Theorem 3.1. LetC andV be pivotal fusion categories. IfC andT) are monoidally 
equivalent, we have VniC) = I'ni'D) for every n. 

Proof. Let F : C — ?> I? be a monoidal equivalence. By Lemma 1^751 j^„(C) and Vn{T)) 
do not depend on the choice of pivotal structures. Hence we may assume that F 
preserves the pivotal structures by changing pivotal structure of T). Then, for every 
V e Irr(C), we have 

Vn{F{V)) = i^niV) and pdim{F{V)) = pdim(F) 

by [m Corollary 4.4] and ([3]). Now the proof is obvious. □ 
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Let C and T) be pivotal fusion categories. Then the exterior product C MT) is 
naturally a pivotal fusion category. Recall that the objects of C Kl 2? are finite sums 
of the form 0^ V, {V^ eC,W^ e V) and 

HomcKX)(^ ^W,V'M W') = noiadV, V) (g) Homp(W^, W'). 

One can easily see that E^y^^ = E^y'>(»E^^\ We have i^niV^W) = i^niV) i^niW) 
as remarked in the proof of Proposition 5.11 of [T8|. We also have pdim(y H W) — 
pdim(V") pdim(T4^). 

Proposition 3.2. j/„(C MV) ^ v^iC) i^„(I?). 

Proof. (V,W) ^ V MW gives a bijection between Irr(C) x Irr(I?) and Irr(C S V). 
The proof follows directly from the above observation. □ 

One may expect that ^'n(C) is an algebraic integer. In fact, the following propo- 
sition follows from Lemma 12.11 and Lemma [ 



Proposition 3.3. There exists a root of unity ^ such that t^„(C) G 

If C is Kep{H) for some semisimple Hopf algebra H, V2{C) is equal to the trace 
of the antipode 5" [H Proposition 2.5]. Since 5^ = id// by the theorem of Larson 
and Radford, we have Tr(S') € Z. The following proposition is motivated by this 
fact. 

Proposition 3.4. 1/2 (C) G R. 

Proof. Let 1^ be a simple object of C. Since [Ey^Y is identity and since 



Home (1, = Home (1/*, 



C if y is self-dual, 
otherwise. 



we have that V2{V) 7^ if and only if V is self-dual and that V2{V) E {±1} if V is 
self-dual. Let I be the subset of Irr(C) consisting self-dual objects. Then we have 

1^2(0) - i^2(V^)pdim(y). 

vex 



If V is self-dual, pdim(y) = pdim(y*) = pdim(V^) (for the last equality, see [H 
Proposition 2.9]). Therefore, the right-hand side is a real number. □ 

One might expect moreover that 1^2(0) is an integer. However, this does not 
hold in general. In fact, if C is the Tambara-Yamagami category pS] Definition 3.1] 
associated with a finite abelian group A, a non-degenerate symmetric bicharacter 
X oi A and a square root r of |j4|~^, we have 

i/2(C) = #{a e A I a2 = 1} + sgn(T)/^ 

where sgn means the sign of a real number. This is not an integer unless |^| is a 
square number. Indicators of Tambara-Yamagami categories will be discussed in a 
forthcoming paper. 

Of course, it follows from the above proof, 1^2 (C) € Z if pdim(y) g Z for every 
self-dual simple object V. In particular, h'2{Et) for a semisimple quasi- Hopf algebra 
H is an integer. 

Higher indicators are not real in general. We show that ^'„(C) S E for every n if 
C admits a braiding. The following lemma is needed to prove this. Recall that also 
C''^ is a pivotal fusion category. 
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Lemma 3.5. j/„(C''=^) ^ i/„(C). 



Proof. By 'T^j Lemma 5.2], we have I'niV'^''^) — t'„(y). We also have 



pdim(y''°^) = pdim(F*) = pdim(y) 
by O [4, Proposition 2.9]. Now the proof is obvious. □ 
Corollary 3.6. VniC) G K i/C admits a braiding. 

Proof. If C admits a braiding, C is monoidally equivalent to C^"^. By Theorem 13. II 
and Lemma [3.51 we have m„(C) = i'„(C'^°^) = ^'„(C). □ 

As another corollary of Lemma 13. 5[ we have the following description of indica- 
tors of the opposite category C°^. 



Corollary 3.7. i^„(C°P) = j/„(C). 

Proof. The duality gives a monoidal equivalence between C and C°^'^'^^ . This implies 
that iy„(C) = i/„(C°P). Hence, i^„(C°p) = j/„(C). □ 

Now we assume C to be spherical. The following equation ([TT|) is due to Ng and 
Schauenburg (see the proof of Theorem 5.5 of [IH]). We present the proof for the 
sake of completeness. 

Lemma 3.8. Let C be a spherical fusion category. We have 

(11) '^"(^^ = diifcT ^ 0-pdim{Xf 

where is the canonical twist of Z{C). 

Proof. We use formula ([9|). In view of ([6]), we have 

""^^) = dii(CT ^ Ptr(^^?,(^))pdim(y) 

= diifC) ^ ^ 0^pdim(X).[nc(X):l^]pdim(t/). 

™^ XeIrr(Z(C)) V'elrr(C) 

Here, since Hc(X) 5^ ®veirr{c) j^^^^g 

pdim(X) = pdim(Hc(X)) = ^ [nc(^) : V] pdim(V^) 

yeiiT(c) 

by the additivity of the pivotal dimension. This completes the proof. □ 

Remark 3.9. (i) Some authors defined the regular representation in C by using 
Frobenius-Perron dimensions instead of pivotal dimensions. One can prove 

^ z/„(V^)FPdim(V^) = (?5^pdim(X)FPdim(X). 

VgC ^ ' X&Z{C) 



in a similar way as the proof of Lemma 13.81 

(ii) The right hand side of equation (ITT]) is equal to the Reshetikhin-Turaev 
invariant of the lens space L{n, 1) associated with modular tensor category 2(C), 
see [2] and [26]. 



The following corollaries are direct consequences of Lemma |37 
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Corollary 3.10. Let C and V be spherical fusion categories. If Z{C) and Z{T>) 
are equivalent as ribbon categories, we have Vn{C) = Vn{'D) for every n. 

Corollary 3.11. Let C and D be pseudo-unitary fusion categories. If Z{C) and 
Z(T>) are equivalent as braided monoidal categories, we have Vn{C) = Vni'D) for 
every n. 

Modular tensor categories [2] are an important class of fusion categories. A 
formula of indicators of modular tensor categories has been obtained by Kashina, 
Montgomery and Ng: In the proof of Proposition 5.5 of |3, they showed that 

2 



MM) 



dim(A^) 



for a modular tensor category Ai with twist 9. If C is a spherical fusion category, 
then Z{C) is a modular tensor category [15]. Therefore: 

Theorem 3.12 (cf. [71 Theorem 5.6]). v,,{Z{C)) = |t^„(C)p. 

In the case where C is pseudo-unitary, we can give another proof: Miiger showed 
that there is an equivalence Z{Z{C)) w Z{C K1C'°^) of braided monoidal categories 
in [TJ]. Therefore Theorem jJTT^ follows from Corollarv l3.11l It should be remarked 
that this argument is not applicable for general spherical fusion categories since we 
did not prove that Z{Z{C)) and Z{C KC"^) are equivalent as ribbon categories. 

We apply our results to Hopf algebras and obtain the following: 

Theorem 3.13. Let H and L be semisimple quasi-Hopf algebras. Denote by D{H) 
the Drinfeld double of a quasi-Hopf algebra H . 

(a) Suppose thatKep{D[H)) andIiej>{D{L)) are equivalent as braided monoidal 
categories. Then VniH) = Vn{L) for every n. 

{h) Un{H®L)^v„{H)v^{L). 

(c) j.„(iJ°P™P) = Vr,{H) and Vn{H°P) = z/„(iJ™P) = i/„(i/). 

(d) VniH) (z R if H admits a universal R-matrix. 

(e) MD{H)) = \MH)\^- 

(f) If H is a Hopf algebra, then i>n{H*), the n-th Frobenius-Schur indicator of 
the regular representation of the dual Hopf algebra H* , is equal to Vn{H). 

The part (a), (b), (c), (d) and (e) are obvious. The part (f) follows from (a) and 
the well-known fact that Rep(D(iJ)) and Rep(D(7?*)) are equivalent as braided 
monoidal categories. Of course, this can be derived directly from the definition of 
VniH). We note that the part (e) has appeared in [7j. 

H and L are said to be monoidally Morita equivalent if Rep(iJ) and Rep(L) are 
equivalent as monoidal categories. By part (a) of the above theorem, we have that 
if H and L are monoidally Morita equivalent, then Vn{H) = VniL) for every n, as 
we referred in Section [TJ 

4. Group-theoretical categories 

4.1. Formulae for group-theoretical categories. In this section, we study in- 
dicators of group-theoretical categories. We briefly recall the definition. Let F be 
a finite group and uj € Z^{T,C^) a normalized 3-cocycle. If F is a subgroup of F 
and a : F X F ^ is a function satisfying Sa — uj\fxFxf, CaF — ^^^p Ex is 
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an algebra in Vec^ with multiplication given by a. The category C(T,io,F,a) is 
defined to be the monoidal category of CaF-bimodules in Vec^. A fusion category 
C is said to be group-theoretical if it is monoidally equivalent to the category of such 
a form. Since every group-theoretical category is pseudo-unitary, it has a canonical 
pivotal structure 4, Corollary 8.43]. 

Theorem 4.1. For a group-theoretical category C — C(T,uj,F,a), we have 

ri-l 

(12) z.„(C) = ^<5<,.an^(5,/,5)- 

ger k=i 

Proof. By [17], see also [21], there exists an equivalence Z(C) w Z(Vec^) of braided 
monoidal categories. Therefore, by Corollarv l3.11l we have 

By Corollarv l2.7[ we have the result. □ 

Remark 4.2. (i) Note that the right-hand side of ([T2|) first appeared in the paper of 
Altschiiler and Coste [H (3-13)] as the Dijkgraaf-Witten invariant of the lens space 
L(n, 1) associated with T and uj. 

(ii) For Lo e Z^{r, and n > 1, define w„ : T ^ C by 

n-l 

(13) 23„(g) = 5<,..,in^(5,/,ff) (ser). 

fe=l 

One can easily see that a;„(g) depends only on the cohomology class of the restric- 
tion of w to the cyclic subgroup generated hy g. In particular, if tu is cohomologous 
to the trivial 3-cocycle, ujnig) = <5g",i- 

(iii) Altschiiler and Coste showed that w„ is a class function on F (see ^J Appen- 
dix]). As the referee kindly pointed out, this follows from (ii) and the well-known 
fact in group cohomology that the function 

uj^{a, b, c) — (xax^^ , xbx~^ , xcx~^) (a, 6, c G F) 

is a 3-cocycle cohomologous to uj. 

From the viewpoint of the theory of Frobenius-Schur indicators, the fact that 
ujn is a class function can be understood as follows: Let x € T and define an 
endofunctor (-)^ on Vecl by = {E^ (g> V) (g) {V e Vecl). Since E^ is an 
invertible object, this functor extends to a monoidal autofunctor on Vec^. By the 
invariance of Frobenius-Schur indicators, we have ^'„(£'^) = VniEg) for every g S F. 
This implies that uJn is a class function on F. 

4.2. Abelian extensions of group algebras. Let (F, G) be a matched pair of 
finite groups [M] together with maps 

<:GxF^G and >:GxF^F. 

The bicrossed product is denoted by N G; It is a set F x G endowed with multi- 
plication given by (a;, g) ■ {y, h) = {x{g > y), {g < y)h) {x, y & F, g,h & G). The set 
of equivalence classes of abelian extensions 

(14) l^C^^A^CF^l 
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associated with this matched pair is denoted by Opext(Ci^, C*^). It is known that 
every Hopf algebra A fitting into an abehan extension (|14p can be constructed 
from maps a : G x F x F ^ and riGxGxF— )-C^ satisfying certain 
cocycle conditions. The corresponding Hopf algebra, denoted hy A = C'^#o-^rCF, 
is constructed as fohows: For an algebra we mean by a K-ring an algebra 
equipped with an algebra map from K . As a C^-ring, A is generated by Ux {x G F) 
with relations 

(15) UxUy ^^a{g;x,y)egUxy and u^Cg = eg^^-^Ux 

g&G 

where Cg € C*^ is the dual basis of g € G. Note that A is generated by {x € F) 
and Bg {g e G) as an algebra. The comultiplication of A is the algebra map 
Is. : A^ A® A determined by 

(16) A(ii:r) = ^ r(.g, h; x)egUh^x <8) ehU^ and A(eg) = ^ Cg^-i (g) en- 

hea heG 
We omit a description of the antipode. For more details, see, e.g., [13]. If a and 
T are trivial, the corresponding Hopf algebra is called the hismash product and 
denoted by C^#CF. 

Recall that we used the argument of Natale [TT] in the proof of Theorem 14.11 
She also showed that if A is a Hopf algebra fitting into ([M)) . then Rep(A) is 
monoidally equivalent to C{F ix G, u, F, 1) where lu S Z^{F xi G, ) is the image 
of A G Opext(C'^, CF) under the map ZJ appearing in the Kac exact sequence 

> H^{F X GX"") H^{F,C'') ® H^{G, C") A Opext(C^, CF) 

H^{F X GX"") ^ H^iFX"") ® H^iGX"") ■ ■ ■ ■ 

If A — C'^#(j^T-CF, the corresponding u is given by 

(18) w(a;, y, z) = (T{x^(.;y^p, > z^p)t{x^q < y^p, y^^; z^p) 

where \f : F x G ^ F and |g : F n G — ?> G are canonical projections. The following 
is a direct consequence of Theorem 14.11 

Corollary 4.3. Notations are as above. For every n, we have 

n-1 

i^„(c«#,,,cF) = V4n^(3'3''5) 

gS-FMG k=l 

where lu is given by il8\) . 

More precisely, i'„(C'^#(j,tCF) is given as follows: For a pair {x,g) E F x G, 
define Xn{x,g) G F and gn{x,g) G G {n > 1) inductively by 

xi{x,g) = X, Xn+i{x,g) = x ■ {g\> Xn{x,g)), 

9i{x,g) = g, gn+i{x,g) = {gn{x,g)<ix) ■ g 

so that {x,gY'' = {xn{x, g), gn{x, g)) in F xG. Then 

n-1 

i^„(C'^#cr,rCF) ^ 4„,i5g„,i J]^ cr(g;a;fc,gfc>x)r(5<Xfc,5fc;a;), 

xeF.geG k=l 

where we abbreviated Xk{x,g) and gk{x,g) as a;fc and g^, respectively. Note that 
for n — 2 this formula has been showed by Kashina, Mason and Montgomery in [B] . 
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If A is isomorphic to the bismash product C'^^CF, then the corresponding ui is 
trivial, and hence we have the following: 

Corollary 4.4. iy„(C^#Ci^) = #{a; e F x G \ = 1} 

More precisely, the right hand side of the above equation is equal to the number 
of pairs {x,g) S F x G such that Xn{x,g) = 1 and gn{x,g) = 1. This has been 
showed by Kashina, Montgomery and Ng in [7] in a different way. 

4.3. Arithmetic properties of indicators. We have shown that indicators of a 
pivotal fusion category C are cyclotomic integers in Proposition 13.31 This propo- 
sition can be refined in the case where C is group-theoretical. To start with, we 
observe the right-hand side of (fT2|) with F = Zat. For a while, we fix a positive 
integer n and a normalized 3-cocycle uj £ Z'^(Zjv,C^). Let w„ : Zjv — > C denote 
the function given by (1131) with T — Z^. 

Lemma 4.5. Let e be the cohomological order ofcu, that is, the order of the coho- 
mology class of uj in _ff^(Zjv,C^). Suppose that i e Z^r satisfies ni — 0. Then the 
following hold: 

(a) w„(i) is a root of unity whose order divides all N , n and e. 

(b) ujn{ai) — uJn{iY for every a e Z^r. 

Proof. Following a description of [14, Appendix E], H^{Zn,C^) is a cyclic group 
of order N generated by the cohomology class of 



(19) ^^(j^kJ)=e^pi^-^^-jik + l--k + l)j (j,fc,?eZjv), 

where a denotes the integer between and — 1 representing an element a G Z^r. 
Since the function w„ depends only on the cohomology class of w, we may assume 
that UJ = [tpNY with r = (N/e) ■ s for some s S Z coprime to N. Then, we compute 

'27^^^/^^^-- — -\ /27^s^/^ n(if 



w„(i) = exp [ ^^'^ ^ i{i + ki ~ {k + l)i) 



\ k=l / ^ 

By an elementary number-theoretical argument, we can replace i in the above 
equation with i. Therefore, we obtain a formula 

uj^ii)^ exp —— • ^ j = exp — — . — 

Now (b) is obvious. Note that e is a divisor of N . (a) follows from that both ni^ /N 
and r^i? jeN are integers under our assumption that rti = in Za?. □ 

Lemma 4.6. Notations are as above. Let S ~ X^ieZjv '*^"(*)- 

(a) Suppose that uj is cohomologous to {iPnY where V'jv ^ Z^C^n is the 
normalized 3-cocycle given by fil9j) . Then S = S{nr/d,d) where d = 
gcd{N, n) is the greatest common divisor of N and n and 

m— 1 



5(a, m) ^ exp (— ^- ■ ai^ j (a eZ,m e N). 

i=0 \ w / 

(b) Let e be the cohomological order of uj. There exists an integer a and a 
common divisor c of d and e such that S = (d/c) ■ S{a, c). 
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The part (a) has been showed by Altschiiler and Coste [U (3.18)]. 

Proof. The solutions i of the congruence equation ni = (mod N) are i — (N/ d) ■ j 
(j = 0, 1, • • • ,d— 1). By Lemma 1431 (b) . we have a formula 



(20) s^Y.^n{N/dy\ 

3=0 

(a) By arguments in the proof of Lemma [4.51 u!n{N/d) = exp(27r-\/— 1 • nr/d^). 
The proof is done by comparing the definition of S{a,m) with ([201) • 

(b) Let c be the order of uin{N/d). By Lemma [431 (a), c divides both d and 
e. Fix a € 1i such that u!n{N/d) = exp(27r-\/— 1 • a/c). Then our claim follows 
immediately from (PO)) . □ 

The above S{a^ m) is called the quadratic Gauss sum. It can be computed by 
the following Lemma 14.71 which is well-known in the number theory. The reader 
may refer to, for example, |161 Chapter V] for the proof. 

Lemma 4.7. Let a and m he positive integers. We denote by (— ) the Jacobi- 
Legendre symbol for a positive odd integer n. 

(a) S{a + km, m) — S{a, m) for every fc G Z. 

(b) For any common divisor d of a and m, S{a,m) — d ■ S{a/d,m/ d). 

(c) Suppose that a and m are relatively prime. Then, if m is odd, 

fa\ fl ifm=l (mod4), 

\ml 1 otherwise. 



Ifm = {) (mod 4), 
S{a, m) 



m\ , — I 1 + if a = 1 (mod 4), 

a) I 1 — v^l otherwise. 

Ifm = 2 (mod 4), S{a,m) ^ 0. 

Since every finite group is a union of its cyclic subgroups, above results are very 
helpful for our purpose. Fix a group-theoretical category C = C{T,ui, F, a) till the 
end of this subsection. Let c(w) be the least common multiple of the cohomological 
orders of the restrictions of uj to all cyclic subgroups of F. One can easily see that 
c{uj) divides both the exponent of F and the cohomological order of w. 

We give a refinement of Proposition 13 . 31 by using c{uj). For a positive integer to, 
let R{m) be the subring of C generated by the set {S{a,d) \ d\m,0 < a < d}. For 
example, i?(l) = i?(2) = Z, i?(3) = Z[v^] and R{A) = Z[2y/^]. It is obvious by 
the definition that R{m) C R{mf) if to divides to'. 

Lemma 4.8. !/„(C) G R{d) where d = gcd(n, c(a;)). 

Proof. Let Ci, • • • , C,„ be all cyclic subgroups of F whose orders are divisors of n. 
Ci^ n • • • n is denoted by Ci^...i^ for convention. For a subset X C F, set 

ri-l 

(21) Wn{X) = Y,5g.,,\lu{g,g\g). 

gex k=l 
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By TheoremmH zy„(C) = WniX) where X = {.g e T | .g" = 1}. Since X = Ulli Ci, 

Therefore, it suffices to prove that W„(Cii...i^) G R{d) for every ii,--- ,ife. This 
foUows from Remark 14.21 (ii) and Lemma 14.61 (b) , since the cohomological order of 
the restriction of w to Ci-^...i^ divides both n and c(w). □ 

The foUowing are direct consequences of the above lemma. 
Corollary 4.9. j^„(C) G R{c{uj)) for every n > 1. 

Corollary 4.10. Suppose that c{uj) < 2. Then Vn{C) G ^ Jor every n>\. 

We are interested in arithmetic properties of indicators. Let K be the subfield 
of C generated by {i'Ti(C)}ri>i. K has the following property: 

Proposition 4.11. isT/Q is Galois. If K ^ Q, the Galois group Gal{K/Q) is 
isomorphic to a direct product of finitely many Z2 's. In particular, the degree of the 
extension K/Q is a power of two. 

Proof. Let pi, - ■ ■ ,Pm be all prime divisors of c{uj). By Lemma 14.71 and Corol- 
lary |4]9l K is a. subfield L — Q[\/~l, -y^pT, • • ■ , y/Pm] , which is the minimal splitting 
field of 

f{x) = {X^ + l)ix^ - pi)ix' ~ P2) ■ ■ ■ {X^ - prn) £ Q[X]. 

L/Q is a Galois extension and the corresponding Galois group is isomorphic to 
Z™"''^. Now the proof is obvious by the fundamental theorem of Galois theory. □ 

Remark 4.12. Let K be as above. Suppose that G K \ {±1} is a root of unity. 
By the above proposition, Gal(Q(C)/(Q)) is isomorphic to a direct product of finitely 
many Z2's. On the other hand, if the order of ( is to, Gal(Q(C) /Q) ^ Z,^. It follows 
from these observations that C^'* — 1. 

This remark is motivated by the Frobenius-Schur indicators of the regular rep- 
resentations of semisimple Hopf algebras of dimension 27. We will use primitive 
third roots of unity to express them, see Theorem 15.41 

4.4. Some estimations of c(a;). In view of results of the last subsection, it is 
important to know c{uj) to study indicators of group-theoretical categories. Here 
we give the following estimation of c{uj). 

Lemma 4.13. Let T be a finite group and oj G Z^{T,C^) a normalized 3-cocycle. 
Suppose that there exists a normal subgroup H of T such that the restriction of lo 
to H is trivial. Then c{uj) divides the exponent of the quotient group T / H . 

Proof. Let e be the exponent of V / H . By the definition, e is the smallest positive 
integer such that x'^ G H for every x € F. Let uJx denote the restriction of uj to the 
cyclic subgroup of F generated by x. By the definition of c(w), it is sufficient to 
show that w| is trivial for every x G T. 

Let a; e F. Consider the restriction map : H^ax),^^) {{x") , ) . This 

is known to be surjective (see [27, §6.7]; Note that iJ*(G',C^) ^ H*+^{G,Z) for aU 
group G). By the assumption that the restriction of w to -ff is trivial, uJx G KeT{px). 
Hence we have 

|Ker(p )| - - - ML-,, aim e) 

l^'^^^^^l - |Im(p.)| - |i?3((x^),Cx)| - \{x^)\ -g'^d(TO,e) 
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where m is the order of x. This implies that uj^ is trivial. 



□ 



By using this estimation of c(aj), we give some criteria for indicators of group- 
theoretical categories being integers. 

Corollary 4.14. Let C = C{T,uj,F,a) be a group-theoretical category. If there 
exists a subgroup H ofT of index two such that the restriction of uj to H is trivial, 
then Vn{C) G Z for every n. 

Proof. As H has index two, H is normal in F. Note that R{2) — Z. The result 
follows from Corollary 14.91 and Lemma [4. 131 □ 

Corollary 4.15. Suppose that A is a semisimple Hopf algebra fitting into an abelian 
extension 1 — > C*^ — A — > CZ2 — > 1. Then Vn{A) G Z for every n. 

Proof. Let F = G ix Z2 be the bicrossed product associated with this extension. 
By the Kac exact sequence (fT7|) . the restriction of a; = £ Z^{r,C^) to G is 

trivial. Recall that Rep(j4) is equivalent to C(F,a;,G, 1) as a monoidal category. 
By Corollarv l4.141 ^'n(A) G Z for every n. □ 



In this section, we compute Frobenius-Schur indicators of regular representations 
of some group-theoretical Hopf algebras. 

Throughout this section, we use the following notations: For an element g oi a 
group, ord(5) means the order oi g. /xjv is the group of A^-th roots of unity in C. 
For a positive integer n and a prime number p, let bp{n) denote the maximal non- 
negative integer i such that divides n. The Iverson bracket [P] for a condition 
P is used to indicate 1 if P holds and otherwise. For example. 



5.1. Some Hopf algebras of dimension 2N'^. Fix an integer > 1. The right 
action ofi^ = Z2 onG = Zjv xZjv given by 



and the trivial action of G on F make (F, G) into a matched pair. Masuoka [TU 
§2] showed that Opext(CF, C*^) = ^n- The Hopf algebra, denoted by H2n^{0^ ob- 
tained by the abelian extension corresponding to ^ G /uat is isomorphic to C^^a,T'CF 
with a and r given by 



for i,j, k, I G Zjv and a, 6 G Z2, see the proof of \TT, Theorem 2.1]. 

Applying Corollary 14. 3[ we compute Frobenius-Schur indicators of the regular 
representation of H2n'^{^). Let F = i^" m G. By p^ . lu G Z^(F, C^) associated to 
H2N^ (0 is given by 



5. Examples 




{i,j)<iO = {i,j), (i,j)<l = {iJeZN) 




w((ai,«i, ji), (a2,i2,j2), (03, is, js)) 




if 03 = 0, 

if 03 7^ and 02 = 0, 
if 03 7^ and 02 7^ 



for {ak,ikjk) G F (fc = 1,2,3). 
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Theorem 5.1. The n-th Frobenius-Schur indicator of the regular representation of 
H = H2N^ (C) '-s given as follows: If either n is odd or the condition 

(22) b2{N) ^ b2{oi-d{0) b2{n) - 1 > 1 

holds, then Vn{H) = gcd(7V, nf. Otherwise, Vn{H) = gcd(7V, +Ngcd{N, n/2). 

Proof. Let cj„ : F — > C be the function given by ([T3|. We first suppose tliat n is 
odd. Then, 5 G F satisfies 5" = 1 if and only '\i g — (0, i,i) with i, j S Z^r satisfying 
ni = = 0. For such an element 5 S F, we have uJn{g) = 1. Hence, we obtain 

MH) = (#{* e Zjv I m - 0})' = gcd(iV,n)2. 

Next, we suppose that n — 2k is even. Then 5 € F satisfies = 1 if and only if 
one of the following exclusive conditions holds: 

• g = (0, i,j) with i,j S Ijn satisfying ni = nj = 0. 

• g = with i,j S Zat satisfying + j) = 0. 

Let g — (1,1, j) S F be an element satisfying = 1. Since k{i + j) = in Z^r, 
we may assume that j = —i + (N/d) ■ m {0 < m < d) where d = gcd{N, k). We 
compute 

S„(.9) = Y[u:{g,g'\gMg,g''^\g) = C^^'^--) 

(=0 

where i?(fc; i, j) e Z^r, the exponent of ^, is given by 

+ j) + ij + + 0' + *)} = (2) • (* + i)' = 

Set E{k) ^ (2) • (N/d)^ so that E{k;i,j) = E{k)m^. Since 2£;(fc) = (mod iV), 
^B(fc) = ±1, -yve also see that ^^C^') = — 1 only if both N and k are even. By the 
above arguments, we compute 

N-l d-1 

^„(77) = gcd(iV,n)2+^ 

i=0 m=0 

= gcd(iV, n)2 + [^^C^) = +1] • iV gcd(7V, k). 

Now it suffices to show that the condition (1^^ is equivalent to that ^^C^) = — 1. 
This can be done by easy number-theoretical arguments. □ 

Suppose that there exists ^ e /ijv satisfying ^ = ■ (Such a always exists when 
N is odd.) Then, it follows from the above theorem that i^n{H2N^{S,)) equal to 
the number of elements 5 S F satisfying g" = I. 

On the other hand, if there does not exist such a C G Mjv, then N is necessarily 
even, and we have i'2N {H2N^ {£,)) = 7^ '^2n{H2N^{^)) ~ 2N'^. This implies that 
H2N^{£,) and H2n'^{1) are not monoidally Morita equivalent. Letting TV = 2, we 
obtain the following result of Tambara and Yamagami [3S]. This result was also 
obtained by Ng and Schauenburg by using Frobenius-Schur indicators in a way 
slightly different from ours pC, §6]. 

Corollary 5.2. Let Bs — Hs{—1), the dihedral group of order 8, Qs the quater- 
nion group of order 8. Then Bs, CDs and CQs are not mutually monoidally Morita 
equivalent. 
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Proof. Note that Hs{l) = CDs- Bs and CDs are not monoidahy Morita equivalent 
by the above observation. We also have i^2{CQs) = 2 while V2{Bs) = 1^2 (CDs) = 
6. This implies that both Bs and CDs are not monoidally Morita equivalent to 
CQs. □ 

5.2. Some Hopf algebras of dimension . Fix an odd integer N . The right 
action of F = Z^r on G = Z^v x Z^r given by 

{i,j)<ia^{i + aj,i) {aJJe'ZN) 

and the trivial action of G on F makes {F, G) into a matched pair. Masuoka [12l §3] 
showed that Opext(C'', CF) = fi^ x /ijy. We denote by 77^3 C) the Hopf algebra 
obtained by the abelian extension corresponding to C) G fiN x fJ-N- Following the 
proof of [m Theorem 3.1], H = H]\j3{^, () is constructed as follows: As a C-^-ring, 
H is generated by x with relations 

where G C-^ is the dual basis of (i, j) E G. H is generated by x and (i, j G Zn) 
as an algebra. The comultiplication of H is the algebra map A determined by 



^{x) = C''^ep,qX Cr^sX and A(eij) = > ei_„.i_o (g) e. 



p.,q.r,s&N p,qelN 



and the counit is the algebra map e determined by £(2:) = 1 and e{eij) = 6io5jQ. 

Let us find cocycles cr and r corresponding to i/jv^lCiO- Fix an A^-th root A 
of For j G Zat, set Aj = A™ where < m < is a unique integer such that 
j = m (mod A^). Then, since the element 

satisfies Ui = 1, Ua := (a e Zat) is well-defined. We have 

; a)eijUa CkiUa 

where t : G x G x F ^ C^ is given by 

r((z,j),(fc,/);a) ^ {X,+iXj' X^'T ■ C''H^^>'' ■ 

Note that the right-hand side of the above equation is well-defined for a e Z^r. 
Comparing these equations with ([T5|) and we have that i/jy^ (Ci C) is isomorphic 
to C^^i^rCF with the above r. 

Let r = F N G. By (HH), the corresponding uj e Z^(r,C^) is given by 

( (ai , , ji ), (a2 , Z2 , J3) , K , ^3 , J3 )) = (A,, AtU-/ ^-^3 

where akjikjjk G Z^r (fc = 1,2,3). Let w„ : F — > C be the function given by (|13p . 
To compute indicators, we provide the following lemma. 

Lemma 5.3. Let n be a positive integer. 

(a) g — (a, i, j) e F satisfies — ^ if o,nd only if na — ni — nj — in Zjv. 

(b) Let g — (a,i,j) £T be an element satisfying 5" = 1. Then 
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Proof, (a) We have — {na,ni + (2)0^', nj) by induction on n. This imphes 
that = 1 if and only if na ^ ni + {^)aj = nj = in Zjy. Since N is odd, 
{^)aj = under the assumption that na — 0. Therefore, this is equivalent to that 
na = ni — nj — 0. 

(b) Suppose that < a,j < N. By the definition of w, we have 

n-1 

fc=l 

where E{n; a,i, j) e Z^r, the exponent of C, is given by 



fe=l ^ ^ \ / J J,^;^ 



2 -2 

a J . 



We also have Aj"" = (Af )-^"'' = ^^jn/N ^ rj.^^^ completes the proof. □ 

Theorem 5.4. The n-th Frobenius-Schur indicator of the regular representation of 
H = Hj^3{^, Q is given as follows: Let a = and (3 = ^^^(n) ^y/jg^g 

Ei{n) = — — and E2\n) =^ 



5cd(A^,n)2 ' gcd(iV,n)4' 

// both the condition 

(23) 63 (n) = 63 (^) = &3(ord(C)) > 1 

and the inequality 63(ord(^)) < 1 hold, then 

^ ^ gcd{N,nf ^15 + 4/3 if b^{orA{i)) - 0, 
''"^ ' 9ord(a) ^|3(5-2;3) i/ 63(ord(e)) = 1. 

Otherwise, = gcd(Af, n)'^/ ord(a). 

Proof. Let d = gcd(iV, n). Note that the solutions x of the congruence equation 
nx = (mod N) are x = (N/d) ■ r {0 < r < d). By the previous lemma, 

rs or^ 



r,s— 



Since 3i?2(?^) = (mod N), /3 is a third root of unity. It follows from easy number- 
theoretical arguments that /3 ^ 1 if and only if the condition ([23]) holds. 
Suppose that /3 = 1. Then, since a'^ ^ 1, 



d^ 



Vn{H) = dJ2 ("'^)' - • #{0 < r < d I = 1} = 



ord(a) 

r,s=0 ^ ' 
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H 



i?27(l,/3) 
i?27(/3,/3) 
i?27(l,/3') 



Ul{H) Uz{H) UgiH) U27{H) 



27 

9 

3(5 + 4/32) 
3(5 - 2/?2) 
3(5 + 4/3) 
3(5 -2;3) 



27 
27 
27 
27 
27 
27 



27 
27 
27 
27 
27 
27 



Table 1. Indicators of regular representations of i/27(f, C) 



Suppose that P ^ 1. Then d is divisible by 3. Let m = ord(a'^). We compute 



d-1 d/3-1 

= d^(l + a^/3^' +a2-/3^') ^ (a^^) 

2 d/m-1 



)-=0 



^ (l + a™/3 



{miY 



a 



2mi j^{mi) 



i=0 





= 0), 






(e = 0) 




= 1), 


ord(a) = < 


T 


(e = l) 


{e 


>2), 




Am 


(e>2) 



Note that d/mis divisible by 3. Since a^™ = /3'^ = 1, the i-th summand of the above 
sum is equal to 3 if i = (mod 3) and 1 + (a™ + a'^™')(3'^ otherwise. Therefore 

Note that &3(ord(^)) = &3(ord(a)) since we have assumed ([23l) . The rest of the 
proof is a case- by-case analysis according to e = 63(ord(^)). We have 

'2 (e = 0), 
-a'"" = <;-l (e^l), /S"' . 
-1 (e>2), 

By compiling these equations, we complete the proof. □ 

This theorem shows that i/„(iJ7v3(^, ()) does not depends on C if ^ is coprime to 
3. The situation is different and very interesting when iV = 3. Fix a primitive third 
root f3 of unity. Then, by the classification result of Masuoka TTj Theorem 3.1], non- 
commutative Hopf algebras of dimension 27 are i?27(/3% /?■' ) (« = 0, 1; j = 0, 1, 2) up 
to isomorphism. By Theorem 15. 4[ we have Table [1] of Frobenius-Schur indicators 
of the regular representations of them. 

This table gives us various information on categories of representations of them. 
For example, we have the following by Theorem 13. 131 

Corollary 5.5. Hopf algebras H27{(3^ , (3^) [i = 0,1; j — 0,1,2) are not mutually 
monoidally Morita equivalent. i?27(/3*, /3-') (i — 0, 1; j — 1,2) are neither quasitri- 
angular nor coquasitriangular. 



5.3. A family of braided Hopf algebras of Suzuki. 
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5.3.1. Suzuki's construction. Suzuki i23j introduced a family of finite-dimensional 
Hopf algebras A^'^, parametrized by integers N > 1, L > 2 and e {±1}, to 
give a systematic description of cosemisimple Hopf algebras of low-dimensions. In 
fact, as Suzuki remarked, every non-trivial semisimple Hopf algebras of dimension 
eight and of dimension twelve belong to this family (in characteristic zero). 

We recall his construction. As an algebra, A'^^ is generated by € Z2) 

with defining relations 

^00 ~ ^11 J 2:01 = 2^10, 2;q^ -|- axg^^ = 1 , Xj^jXi^i~0 (iii — j^k — l), 

XqqXj^j^Xqq — XllXooXll , Xgj^Xj^oXOl " P •'-lO'^Ol-'^lO 



The coalgebra structure of ^^'^ is given by 

A(xy ) = Xio ® a;oj + xa ® xy, e(xy) = 5^ 
and the antipode is given by S{xij) — x'^f^^. Suzuki showed that it has a set 
{xqo 2^ii2;oo2;ii ■ ■ 'i ^01 2^10^01^10 ' ' I 1 ^ s < 2N, < t < L}. 

as a basis, and hence dimc(A^^) = 4NL. 

Fix a quadruple {N,L,a,f3) and denote A^'^ by A. Let be the group gen- 
erated by central grouplike elements h± = Xqq ± Xqj^ e A. CG^ is canonically 
isomorphic to C*^ where G = G^^ is the character group of G^. As remarked in 
[231 Remark 3.4], A fits into an extension 

(24) 1 — >C^ — > A^ CD2L — > 1- 

Here, Z?2L is the dihedral group of order 2L which has a Coxeter presentation 

(25) D2L - (so, I = = (so^i)^ - 1) . 

The quotient map tt is given by 7r(xij) = 5ijSi {i,j G Z/2Z). 

Our first task is to find cocycles cr and r such that A = C'^#o-.tC£'2L. Following 
the theory of C-^-rings, this is same as to find invertible elements € A {x G D2l) 
such that {idA 'X'7r)A(uj;) — u^'Six. For this purpose, we introduce some notations. 
Let Ci — oi^x^f {i G Z2). They are central orthogonal idempotents satisfying 

+ 61 — 1. For a non- negative integer m and i,j € Z2, we set 

(m) _ ~ 

Xij — ^i-j ' ■^ij-^i+1 j + l-^jj" ■ ■ ■ ■ 



The following lemma is useful for computation. 

Lemma 5.6. The following equations hold in A for < m < 2L: 

A(x!r^)=xL"^®x^?+x!r^«xi7^ 

_ i-L+niA^L-m) (m) _ ni-L+mi^L-m) 

All — AoO ' AOl — P"+ AlO 

Every element x G D2L can be expressed as 

X = sqSiSq ■ ■ ■ {Q <l < 2L) 
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in a unique way. This number I is denoted by £(x). Remark that, in general, £{x) 
is not the minimal length of x with respect to generators sq and si. Set r — sqSi 
and s ~ sq. Then D2L has another group presentation 

D2L = {r, s \ r''^ = = l,srs^^ = r~^). 

Every element x G D2L can be expressed a,s x = r^s^ {0 < i < L;j ^ 0, 1) in a 
unique way. By using these i and j, we have £{x) = 2i + j. 

Using notations introduced in above, we define Ux & A {x -D2L) by 

where / = £{x), ?7 is a fixed 2L-th root of /? and [ J is the fioor function. By 
Lemma [5. 6[ (id^i (E)Tr)A{ux) — <E) x for all x E D2l- The following lemma shows 
that all Ux are invertible. 

Lemma 5.7. UxUy = cr{x^y)uxy for all x,y E D2L where 

cr(x, y) = |(eo + ?7 d) ■ h\_'^' G (CG ) . 

Here, Iverson bracket is used to make the definition of a{x, y) compact. 
Proof. Note that, by definition, 

Wr = /i+^(eoa;ooa;oi + ry^ • eixioxoi) and = eoxoo + ■ ei^iQ. 
Verify the following equalities by using Lemma 15.61 

= 1, Us ■ Ur ^ {eo + Vi'^ei)usr-, Us-Us = {eo + ifei)h+. 

Let X € D2L- Then £[x) is even (resp. odd) if and only if a; = (resp. x — r's) 
for some i. Note that Uj,i = (urY and u^ig = (urY ■ Ug. The proof can be done by 
a case- by-case analysis according to parities of £{x) and £{y). □ 

We define an automorphism a; i— > x on D2L by = Sj^ and "s^ — Sq. 
Lemma 5.8. A{ux) ~ Ux® e^Ux + Ux® eiUx for all x G -D2L- 
Proof. Since the claim is obvious when x — 1, we assume that x ^ 1. Then, 

X — SiSpSi • • ^ — SqSi ■ ^ ■ SqSiSiSqSi ■ ■ ^ = SqSiSq ■ ■ . 

l(x) 2L e(x) 2L-l(x) 

Hence we have £{x) = 2L — £{x). By Lemma \5M 

A{hl'^^ux) = x'll ® + xil ® + ^'(xS ® xil + xd ® xS) 
- (xS + ^'xS) ® xtl + h-+'^HZ' + V xi'o^) ® VxS 

where I = £{x) and V = £{x). Note that [\l'\ = L + [^l\ ~ I. We obtain 

A{Ux) ^Ux® BqUx + Ux®eiUx 

by muhiplying both sides by A(/i;LV2j ^ ^ /^-LV2J ^ ^-LV2J _ □ 
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5.3.2. Cyclic case. We assume that {N, a) ^ (even, +1). Then, is a cychc group 
of order 2N generated hy h = Xgo — ctx^i O Proposition 3.3]. The character group 
G = G^^ of is a cychc group of order 2N generated by a group homomorphism 



b-.G^'^C'', h^^Qjy (fceZ) 

where (^2N ^ fixed primitive 27V-th root of unity. By the orthogonahty relation 
of characters, the dual basis {ck} of {6'^} is given by 



27V 

i 

fife 



^ 27V 

■^T.'^2Nh' (fc = 0,l,.-- ,2iV-l). 



2N 

i=Q 

The elements eo,ei,h± € CG^ can be written as linear combinations of as 

Af-l N-1 2N~1 

Co = ^ 62^, e 1 = ^ 62^+1 and /i± = ^ (TaC27v)'ej. 

i=0 i=0 i=0 

Comparing Lemma [5.71 and Lemma [5.81 with ([15]) and ([16)) . we have the following. 

Lemma 5.9. Assume that {N,a) ^ (even, +1). The right group action of G on 
D2L given by bt>x = x{x€ I?2l) and the trivial action of D2L on G make {G,D2l) 
into a matched pair. Define a : G x D2L x D2L by 



<j{b';x,y) = {772^(^)1^ • (-aC27v)'t'(^^ """^f 



(x) odd] 



A'^j^ is isomorphic to C~^f^a,i'CD2L as a Hopf algebra. 

Let T ML = G n D2L be the bicrossed product. Both G and D2L are regarded as 
subgroups of Fatl. Note that T nl has a presentation 



b^^ ^r^ = s^ ^ l,srs ' = r 

brb-^ = r-'^ ,bsb-^ = r-^ s /' 

By (fT8|) . the 3-cocycle lj G Z'^(rAri,C^) associated with A is given by 

uib^x^b^y^z) = odd] . oddljW'') ^'^'il 

for i,j, k e Z2Ar and x,y,z £ D2l- 

Remark 5.10. c(a;) < 2. This follows from Corollary 14. 131 since {b,r) is a subgroup 
of index 2 such that the restriction of lu to this subgroup is trivial. 



Theorem 5.11. Suppose that [N, a) 7^ (even, +1). Then the n-th Frobenius-Schur 
indicator of the regular representation of A ^ A'^^ is given by 

Vn{A) = gcd(A^,n) gcd(L,n) 

+ [h2{n) - 1 > 62 (iV)] • 2igcd(iV,n) 

+ Mn) -l>b2{N), 62 (i)] • SNLin) gcd(iV, n) gcd(L, n) 

where 

SNLin) = (-a)[^=(")=^l(-l)[^2(")=''=(^)+^l/3[''2(")=^^(^)+^l. 
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Proof. Let : r — > C denote the function given by (fT3|). For positive integers 
r and s, let r/s := r/gcd(r, s). Note that rx = (mod s) if and only if a; = 
(mod r//s). Equations like [r//s odd] = [62 (f") < ^2(5)] will be used many times. 

Let H be the subgroup of F nl generated and r. It is a normal subgroup of 
Tnl isomorphic to x I^i^. We have 

i/„(A) = VF„(i7) + Wn{bH) + WnisH) + M^„(6s77) 

where Wn(X) {X C F^vl) is given by the same formula as (|2T|) . 

Suppose that n is odd. Let 17 € F^vl with 17" = 1. Then g Cz H, since every 
element of Fjvi \ _ff has an even order. Since the restriction of a; to is trivial, we 
have 

Ur,{A) ^#{geH\ .g" = 1} - gcd(7V,n)gcd(L,n). 

Hence the equation holds for n. 

Suppose that n = 2A; is even. Then, Wn(H) = gcd(A^, n) gcd(L, n) in the same 
way as above. We compute (i) Wn{bH), (ii) Wn{sH) and (iii) Wn{bsH) in what 
follows. 

(i) Since u}\bHxbHxbH = 1, we have W„{bH) = #{5 e bH \ .g" = 1}. Let g e bH. 
Then g = fQj. gome g" = 1 if and only if k{2i + 1) = (mod N). If 
N//k is even, this congruence equation has no solutions. Otherwise, the number of 
this solutions is gcd(iV, fc). Summarizing, we have 

Wn{bH) = [N//k odd] •igcd(7V,fc) = [62 (n) > b2{N) + 1] •igcd(Ar,n). 

(ii) Let g E sH . Then g = b'^'^rKs for some We have that 0Jn{g) — <^g",i • CItv 
and that g" = 1 if and only if 2ik = (mod N). If N//k is odd, then the solutions 
of this congruence equation are i = {N//k) • m (0 < m < gcd(A^, fc)). For these 
j, we have ^Itv = ^' ^^"^ hence Wn{sH) — L ■ gcd{N,k). On the other hand, 
if N//k is even, the solutions of this congruence equation are i — ^{N//k) ■ m 
(0 < m < 2gcd(iV, k)). For these i, we have C|f = (-1)™, and hence Wn{sH) = 0. 
Summarizing, we have 

Wn{sH) = [b2{n) > b2{N) + 1] • Lgcd(iV,n). 

(iii) Let g e bsH. Then g — b'^''^^r^ s for some We have that uJn{g) = ^g",i • 
i—o:ri~^^^^'^^\2'N^)'' ^^'^ ^^Si,t 5" = 1 if and only if both the following congruence 
equations hold: 

(26) {2i + l)k = (mod N) 

(27) (2j + l)k = (mod L) 

If N//k is even, the congruence equation ((26| has no solutions. Similarly, ((27)) has 
no solutions if L//k is even. Therefore, Wn{bsH) = if either N//k or L//k is even. 

Suppose that both N//k and L//k are odd. Write N//k — 2iQ + 1. Then the solu- 
tions of the congruence equation ([^5]) are i — + {N //k) ■ m {0 < m < gcd{N, k)). 
For these i, (2i + l)k = k//N (mod 2iV). Since N//k is odd. 

Similarly, if j satisfies :^-2fe(2j+i) = ^[b2(n)=b2(L)+i]_ Summarizing, we have 
Wr^ibsH) - [fe2(n) - 1 > b2{N)ML)] ■ eNL{n)gcd{N,n)gcd{L,n). 
Combining (i), (ii) and (iii), we have the result. □ 
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5.3.3. Non-cyclic case. We next suppose that {N,a) = (even, +1). Then has a 
presentation 

G"^ = {h+,h^ I h+h^ = h^h+,h^ = I, hi = hi). 

Define group homomorphism a, : — > by 

(a, /i±) = Cw, {b,h±) = ±1 

where Cat is a fixed primitive A^-th root of unity. Let (e^j", • • • , e^_j^, Bq , • • • , e^ -^) 
be the dual basis of (1, a, • • • , a^^^,b, ab, - ■ ■ , ab^^^). We have 

= (1 ± ^^'^-) E ^^"'^V (fc = 0, 1, • • • , TV - 1), 

i=0 



N-1 N-1 N-1 

eo=Yl e+, e 1 = ^ e^, and /i± = ^ Cwief ± e,")- 

1=0 i=0 2=0 



Comparing Lemma [5.71 and Lemma [5. 81 with ([T5|) and ([TE)) . we have the following: 

Lemma 5.12. Assume that {N,a) = (even, +1). Then the left group action of G 
on D2L given by a > x = x, b > x ~ x and the trivial action of D2L on G make 
{G,D2l) into a matched pair. Define a map a : G x D2L x D2L by 

<7{a^V;x,y) = {rj^'^y^^^ "^^^l • ((-l)^C^)''^^^ ""'^Y^'^^ 

Then ^^'^ = C'^ifa,iCD2L as a Hopf algebra. 

Let F^^ = G XI D2L and oj G ^''(r'^^.C^) the normalized 3-cocycle associated 
with A^^j^ . G and D2L are regarded as subgroups of . is decomposed into 
a direct sum of (a) and (6, r, s). The former subgroup is a cyclic group of order N, 
and the latter is isomorphic to Fi^,. 

Remark 5.13. c{Ld) < 2. This follows from CoroUarv I4.13[ since {a,b,r) is a sub- 
group of index 2 such that the restriction of uj to this subgroup is trivial. 



Theorem 5.14. The n-th Frobenius-Schur indicator of the regular representation 
of A = A^*^ with N even is given by 

i^niA) = gcd{N,n) ■ gcd(i,n) 

+ [b2in)~l >0] •Lgcd(7V,n) 

+ Mn) - 1 > b2{N)] ■Lgcd{N,n) 

+ Mn) - 1 > b2{N),b2iL)] ■ e'^i(n) gcd(7V, n) gcd(L, n) 

where 

^NLin) = (-l)[&2(n) = l]^[fc2(n)-l=6.(L)]^ 

Proof. The proof is very similar to that of Theorem l5.11l Wn{X) and r//s have the 
same meanings as in the proof of Theorem 15.111 Let H be the subgroup of F^^ 
generated by a and r. Then we have 

l^niA) = WniH) + WnibH) + W„(si7) + Wn{bsH). 

Suppose that n is odd. Then in a similar way as the proof of Theorem 15. 11[ 

i/„(A) ^#{geH\ = 1} = gcd(7V, n) gcd(L, n). 
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Suppose that n = 2fc is even. Then Wn{H) ~ gcd{N , n) gcd{L , n) . We compute 
(i) WnibH), (ii) Wn{sH) and (iii) Wn{bsH) in what fohows. 

(i) Since uj\tHxbHxbH = 1, we have Wn{bH) = #{g e bH \ = 1}. Let g £ bH. 
Then g = a'br^ for some i, j. g" = 1 if and only if 2ik = (mod N). The number 
of solutions of this congruence equation is gcd(iV, 2fc) = gcd(A^, n). Summarizing, 
we have WnibH) = Lgcd{N,n). 

(ii) Let g G sH. Then g = a^r^s for some We have that uinig) = ^g",i • Cn- 
In a similar way as (ii) of the proof of Theorem 15.111 

WnisH) = [N//k odd] • Lgcd(A^,fc) = [b2{n) - 1 > 62 (A^)] •igcd(A^,n). 

(iii) Let g E bsH . Then g = a^br^s for some We have that u)n{g) — 
6g",i ■ {—V^'^^^''^^\n)''' ^-iid that ,g" = 1 if and only if both of the following holds: 

(28) 2ik = (mod N), 

(29) (2j + l)fc = (modL). 

The latter congruence equation has no solutions if L//k is even. Suppose that 
L//k = 2 jo + 1 is odd. Then the solutions of ([29]) are j = jo + {L//k) ■ m {0 < m < 
gcd(i, k)). For these j, 2k{2j + 1) = {k//L) ■ 2L (mod 4L). Since L//k is odd, 

^-2fc(2j + l) ^ pk//L ^ p[b2(n)=b2{L) + l] _ 

Now we compute Wn{bHs) as follows: 

WnibHs) = Mn) - 1 > &2(i)] • 4i(n)gcd(i,n)^a' 

where i runs through the solutions of ()28p . In a similar way as (ii) of the proof 
of Theorem 15.111 we have that the sum is equal to [62(71.) — 1 > b2{N)] gcd(A^, n). 
Therefore, 

W„{bHs) = [b2{n) - 1 > 62(i), 62(^)1 •eWL(")gcd(L,n)gcd(iV,n). 
Combining (i), (ii) and (iii), we have the result. □ 

6. Frobenius theorem 

We conclude this paper by raising a question motivated by a theorem of Frobenius 
on the number of solutions of the equation x" = 1 in finite groups. For a finite 
group G and a positive integer n, let G[n] = {g G G | 5" = 1}. In 1895, Frobenius 
proved the following theorem: 

Theorem 6.1 (Frobenius). If n divides \G\, then n divides \G[n]\. 

There are numerous proofs of this theorem, see, e.g., [5]. Now recall that 
f„(CG) = |G[n]|. By using Frobenius- Schur indicators, we formulate the theorem 
of Frobenius for pivotal fusion categories as follows: 

Definition 6.2. Let C be a pivotal fusion category such that dim(C) is a positive 
integer. We say that Frobenius theorem holds for C if Vn{C) is divisible by n (in the 
ring of algebraic integers) for every divisor n of dim(C). 

Note that dimRep(iJ) — dimc(-ff) for a semisimple quasi- Hopf algebra H. We 
say that Frobenius theorem holds for H if it holds for Rep(iJ). Theorem 16. II claims 
that, in our terms, "Frobenius theorem holds for every finite group algebra" . Our 
question is the following: 
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Question 6.3. Does Frobenius theorem hold for every semisimple H op f algebra? 

There exists a semisimple quasi-Hopf algebra for which Frobenius theorem does 
not hold: Let F = Zp with p an odd prime with p = 1 (mod 4) and oj = tpp the 
3-cocycle given by ([T9|) with N = p. Then Frobenius theorem does not hold for the 
quasi-Hopf algebra H = C^. In fact, since Rep{H) « Vec^, we have Vp{H) = ^ 
by results of Section S) p does not divides Vp{H) while p does dimc(-ff) = p. 

In the rest of this section, we give some partial results on Frobenius theorem 
for semisimple Hopf algebras, especially group-theoretical ones. The following is 
obvious by Theorem 13. 131 (f). 

Theorem 6.4. Frobenius theorem holds for a semisimple Hopf algebra H if and 
only if it holds for the dual Hopf algebra H* . 

By results of Section |4] and Section [SJ we have the following: 

Theorem 6.5. Let H be a semisimple Hopf algebra. Frobenius theorem holds for 
H if one of the following holds: 

(a) H is isomorphic to a bismash product C'^^CF. 

(b) H is isomorphic to H2m'^{C)- 

(c) H is isomorphic to -ffjv^lCiO- 

(d) H is isomorphic to the Suzuki's Hopf algebra A^j^. 

(a) is a direct consequence of the Frobenius theorem for finite groups (see Corol- 
lary |431). Even if we know explicit values of indicators, (b), (c) and (d) of the 
above theorem are cumbersome to check. In the rest of this section, we show a 
more general result that covers both (b) and (d). Let C = C(r,w,F, a) be a fixed 
group-theoretical category, till the end of this section. 

Theorem 6.6. Let n be a divisor of \T\. Suppose that p — gcd(n,c(a;)) is a prime. 

(a) If p ^ 2, Vn{C) is divisible by n. 

(b) If p is odd, Vn{C) is divisible by 

We point out that Isaacs and Robinson gave a nice and elementary proof of 
Theorem 16. II in [5 . Our proof is based on their idea. 

Proof. By Theorem 14.11 f,i(C) = '^gtzrin] ^n{g) where : F — > C is the function 
given by (jl3p . Let g £ T. There exists a unique decomposition g = x ■ y = y ■ x 
such that the order of a; is a power of p and the order of y is coprime to p. x and y 
are called the p-part and p'-part of g, respectively. Write n = p'^ ■ q with q coprime 
to p. Then the assignment g i— {x,y) gives a bijection between T[n\ and 

$ := {(x,2/) I a; e F[/],y e Cr(a;),y9 = 1} 

where Cr(x) is the centralizer of a; in F. 

Recall the construction of the p-part of 5 e r[n]. By elementary number theory, 

there exist a, & G Z such that ap'^ + bq — 1. Then the p-part of g is given by x = <?'"'. 

Note that bq = l (mod p''). By Lemma l4?5l 

, ,22 

UJn{x) = ujnig = UJn{g) = ujnig). 

This means that 0Jn{g) depends only on the p-part of g. 
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We first show that j^„(C) is divisible by q. Note that r[p'^] is invariant under 
conjugation. Let xi,-- - ,Xr be representatives of conjugacy classes contained in 
r[p'^]. Since cun is a class function, 

|r| 

f^n(C) = \Crix )\ ' • ^^nix^). 

By Theorem 16.11 |Cr(2;i)[(3']| = rrii ■ gcd(|Cr(xi)|, g) for some positive integer rrii. 
Every summand of the right-hand side of the above equation is divisible by q, since 

|r| 1^ , |r|.m,gcd(|Cr(a;,)|,g) |r| • m. 



\Crix^)\ ' \Cr{x,)\ lcm(|Cr(a;.)l, 9) 

where lcm(a, b) is the least common multiple of a and b. This implies that Vn{C) is 
divisible by q. 

Next, we argue the divisibility of VniC) by powers of p. Let 

X^{9^ r[/] I ur,{g) ^ 1} and $' = {(x, y) G G X}. 
Then, we have 

(30) l^n(C) = 1$ \ $'1 + ^ \CT{x)[q]\ ■ ^n{x). 

Note that every element of X has order p'^. Indeed, if x e r[p'''^^], uJn/pix) is 
a p-th root of unity by Lemma 14. 5 [ and hence a3„(a;) = i)„/p(x)'' = 1. For every 
X ^ X and to e Z coprime to p, G X by Lemma 14.51 It follows from these 
observations that M := Z^^. acts freely on X by to ^ a; = x™. Let a;i, • • • ,Xs be 
complete representatives of orbits of this action. Note that, if x and x' belong to 
the same orbit, Cr{x) = Cr{x'). Hence, 

s s 

1$'! = J2 m ■ \Cr{x^)[q]\ - Y.P'^'^P - l)l^r(x.)M|. 

By Lemma 14.51 the second term of the right-hand side of (UHl) is computed as 
follows: 



xeX i=l meM 

s p—l 



i—1 m— 1 



J2\Crix)[q]\-u,,{x)^Y.ll \Cr{xm-^nix.r' 

i—1 m^M 
s p—1 

z^l rn— 1 

Let Si — Y^^^o^ni^i)'^ . Combining the above equations, we have 

s s 

v^(C) = |r[n]| -p''^ l^r(x.)M| |Cr(a;.)[9]l ' S,. 

i=l i=l 

If p = 2, then each Si is zero. This implies that Vn{C) is divisible by 2^ . By the 
Chinese remainder theorem, Vn{C) is divisible hy n = 2^ ■ q. 

If p is odd, then by Lemma 14.71 each Si is divisible by ^/p. This implies that 
Vn{C) is divisible by p^~^ ^/p. Again by the Chinese remainder theorem, f„(C) is 
divisible by g • p'^'^^y^ = rt/^. □ 

As a direct consequence, we have the following corollaries. 
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Corollary 6.7. Frobenius theorem holds for C if c{lu) = 2. 

Corollary 6.8. Suppose that c{io) is a prime number and that m„(C) is an integer 
for every n. Then Frobenius theorem holds for C. 

Theorem 16.51 (d) follows from Corollary 16. 71 see Remark lS.lOl and Remark 15.131 
Recall that we gave some estimations of c(w) in Section |4l Theorem 16.51 (b) follows 
from the following corollary of Theorem 16. 6[ which can be obtained by a similar 
way as the proof of Corollary 14. 151 

Corollary 6.9. Frobenius theorem holds for semisimple Hopf algebras H fitting 
into an abelian extension 1 — > C*^ — !■ i7 — > CZ2 — > 1. 
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